Alternating Quadrisecants of Knots 

Elizabeth Denne 

Abstract. It is known IPannl |Kup| that for every knotted curve in space, 
there is a line intersecting it in four places, a quadrisecant. Comparing the 
order of the four points along the line and the knot we can distinguish three 
types of quadrisecants; the alternating ones have the most relevance for the 
geometry of a knot. I show that every (nontrivial, tame) knot in R 3 has an 
alternating quadrisecant. This result has applications to the total curvature, 
second hull and ropelength of knots. 



1. Introduction 

Throughout this paper a knotted curve will denote an oriented nontrivial tame 
knot in R 3 . (By knot, we mean a homeomorphic image of S 1 in R 3 , modulo 
reparametrizations. By tame, we mean the knot is ambient isotopic to a polygonal 
knot.) A secant line is a straight line which intersects the knot in at least two 
distinct places. Trisecant, quadrisecant and quintisecant lines are straight lines 
which intersect a knot in at least three, four and five distinct places, respectively. It 
is clear that any closed curve has a 2-parameter family secants. A simple dimension 
count shows there is a 1-parameter family of trisecants and that quadrisecants are 
discrete (O-parameter family). Quintisecants are a —1-parameter family; meaning 
they exist only for a codimension 1 set of knots (Proposition 0. 

Thus we expect knotted curves to have quadrisecants. Indeed, in 1933, E. Pan- 
nwitz |Pann| first showed that every nontrivial generic polygonal knot in R 3 has 
at least 2u 2 quadrisecants, where u is the unknotting number of a knot. In 1980, 
H.R. Morton and D.M.Q. Mond |MM| independently proved every nontrivial generic 
knot has a quadrisecant and conjectured that a generic knot with crossing num- 
ber n has at least (™) quadrisecants. It was not until 1994 that G. Kuperberg |Kup| 
managed to extend the result and show that all (nontrivial tame) knots in R 3 have 
a quadrisecant. 

Quadrisecants come in three basic types. These are distinguished by comparing 
the orders of the four points along the knot and along the quadrisecant line. There 
are three relative orderings of an oriented quadrisecant and an unoriented knot. If 
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abed is the ordering along the quadrisecant, then the possible orderings along the 
knot are abed, abdc and acbd. I will show that every nontrivial tame knot has at least 
one quadrisecant with knot ordering acbd. This type of quadrisecant is called an 
alternating quadrisecant. This result refines the previous work about quadrisecants, 
giving greater geometric insight into knots and also providing several interesting 
applications. This paper contains the main results of my PhD thesis |Den| and I 
am grateful to my advisor J.M Sullivan for suggesting this problem to me. Recently, 
R. Budney et al. BCSS] have shown that the finite type 2 Vassiliev invariant can 
be computed by counting alternating quadrisecants with appropriate multiplicity. 
While this result implies the existence of alternating quadrisecants for many knots, 
our Main Theorem shows existence for all (nontrivial tame) knots. On the other 
hand, our results provide no way to count alternating quadrisecants. 

The existence of alternating quadrisecants provides new proofs to two previ- 
ously known results about the geometry of knotted curves. For smooth closed 
curves, the total curvature can be thought of as the total angle through which the 
unit tangent vector turns (or the length of the tangent indicatrix). Equivalcntly, 
the total curvature of an arbitrary curve is the supremal total curvature of inscribed 
polygons. Around 1949 I. Fary |Farj and J.W. Milnor |Mil| proved independently 
that the total curvature of a nontrivial tame knot in R 3 is at least 4ir. Note that the 
total curvature of an inscribed polygon is less than or equal to the total curvature 
of the curve it is inscribed in. The total curvature of an alternating quadrisecant 
is 47r. Thus if a knotted curve has an alternating quadrisecant, the total curvature 
will be greater than or equal to 47r, giving the Fary-Milnor theorem another proof. 
In 1998, the Fary-Milnor theorem was extended to knotted curves in Hadamard 1 
manifolds by C. Schmitz [Schmj and S.B. Alexander and R.L. Bishop |AB| . 

The second new proof is for the theorem about the second hull of a knotted 
curve in R 3 . Intuitively, the second hull is the part of space that the knotted curve 
winds around twice. In 2000, J. Cantarella et al CKKS proved that the second 
hull of a knotted curve in R 3 is nonempty. This paper conjectured the existence of 
alternating quadrisecants for knotted curves in R 3 as another way of proving that 
the second hull is nonempty. This is because the mid-segment be of alternating 
quadrisecant abed is in the second hull. 

Finally, quadrisecants may be applied to the ropelength problem. The rope- 
length problem asks to minimize the length of a knotted curve subject to maintain- 
ing an embedded tube of fixed diameter around the tube; this is a mathematical 
model of tying the knot tight in a rope of fixed thickness. The ropelength of a knot 
is the quotient of its length and its thickness. The thickness is the diameter of the 
largest embedded normal tube around the knot. The exact value of the minimum 
ropelength needed to tie any nontrivial knot is not currently known. In joint work 
with J.M. Sullivan and Y. Diao |DDS| . essential alternating quadrisecants are used 
to improve the known lower bounds of ropelength from 12 to 15.66. Several inde- 
pendent simulations (see for instance [Piel ISulp have found a trefoil knot with 
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ropelcngth less than 16.374. This is presumably close to the minimizer, so the new 
bounds are quite sharp. 

The proof of the main theorem will extend ideas taken from all of the previous 
papers, but in particular from |Kup[ IPannl ISchm| . At its core, the proof assumes 
that alternating quadrisecants do not exist, then uses this to create a contradiction 
to knottedness. A quadrisecant includes a number of trisecants, thus a large part of 
the proof will be dedicated to a detailed understanding the structure of the set of 
trisecants of a knot, both in K 3 and when projected to the set of secants S — K 2 \ A. 

Section|5]introduces terminology and explores the relationship between quadrise- 
cants and trisecants. Lemmanshows any knotted curve has at least a 1-parameter 
family of trisecants and Lemma[21shows that alternating quadrisecants occur when 
trisecants of same and different orders share common points. A detailed under- 
standing of the structure of the set of trisecants is required. In particular, this set 
has very nice properties when the knot is a generic polygonal knot. In Section |3 
the definition of a generic polygonal knot is given and the conditions for genericity 
are shown to be generic. In Section^the structure of the set of trisecants of generic 
polygonal knots is examined in detail, both in K 3 and K 2 \ A. In K 2 s A, it is 
shown to be a piecewise immersed 1-manifold that intersects itself in double points. 
In the end we wish to prove the existence of alternating quadrisecants for any non- 
trivial tame knot. Any tame knot is the limit of a sequence of generic polygonal 
knots. Thus we first prove the existence of an essential alternating quadrisecant 
for nontrivial generic polygonal knots. The notion of essential is required so that 
quadrisecants do not degenerate to trisecants in the limit. Section [5] defines the 
notion of essential for secants, trisecants and quadrisecants and describes the struc- 
ture of the set of essential trisecants. Section gives the proof that any nontrivial 
generic polygonal knotted curve has an essential alternating quadrisecant. In Sec- 
tion the Main Theorem (Theorem I27|l is proved: every nontrivial tame knot 
in M 3 has an alternating quadrisecant. This is strengthened in Corollary |2U every 
nontrivial knot of finite total curvature in R 3 has an essential alternating quadrise- 
cant. Finally, Section |H1 provides applications of essential alternating quadrisecants 
to the total curvature, second hull and ropelength of a knotted curves. 
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Figure 2. The points of each trisecant have order abc along the 
line. The left has different order acb along the knot and the right 
has same order abc along the knot. 

2. Secants, trisecants and quadrisecants 

Recall that a knotted curve is an oriented nontrivial tame knot in R 3 . 

Definition. An n-secant line for a knotted curve K is an oriented line whose 
intersection with K has at least n components. 

Definition. An n-secant is an ordered n-tuple of points in K (no two of which 
lie in a common straight subarc of K) which lie in order on an n-secant line. A 
2-secant will be called a secant, a 3-secant will be called a trisecant, a 4-secant will 
be called a quadrisecant and a 5-secant will be called a quintisecant. 

The line through an n-secant may intersect the knot in more than n places, 
but this does not affect the definition of an n-secant. Figure ^ shows a knot with 
quintisecant line I and quintisecant abcde. For example, the quintisecant line I also 
includes quadrisecant abed, trisecant abe, and secant bd. 

In K n , let A denote the set of n-tuples in which some pair of points lie in 
a common straight subarc of K. Also let A denote the big diagonal, the set of 
n-tuples in which some pair of points are equal. Then A C A. (The inclusion can 
be strict as for polygonal knots.) For a closed curve K, any two distinct points 
determine a straight line. These points are a secant if and only if they do not lie 
on a common straight subarc of K. Thus the set of secants S = K 2 \ A and is 
topologically an annulus. More generally, any n distinct points are not necessarily 
collinear, hence the set of n-secants is contained in K n \ A. 

Consider the set of trisecants. Take a trisecant abc with intersection points in 
that order along the trisecant line. There are IS3I =6 possibilities for their ordering 
along K. Along K, the order is just a cyclic order. Thus there are IS3/C3 = 2 
cyclic orderings of the oriented knot and oriented trisecant line. Picking the lexico- 
graphically least element in each coset, we see the order along the knot is abc or acb. 
These orderings are respectively called same and different. Figure |21 illustrates the 
two types of trisecant. 

We may make a more general observation about the ordering of points along 
a knot. Let abc G K 3 and assume that a, b and c are distinct. As K is oriented, 
moving from a to b to c along the K will either match the orientation of K or 
not. These are the two cyclic orderings discussed above. Let S be the set of triples 
of K 3 where the triples have the same ordering along the knot and let V be the 
set of triples of K 3 where the ordering of the triples differs from their ordering 



ALTERNATING QUADRISECANTS - PREPRINT 



5 




Figure 3. From left to right, quadrisecants abed are simple, 
flipped and alternating, because the dihedral order of the points 
along K is abed, abdc and acbd, respectively. 



along the knot. Observe that S and V are the connected components of K 3 \ A. 
Then S and T> are disconnected as perturbing a, b and c a little will not change 
their ordering. The only way to change the order along the knot from abc to acb is 
for a, b and c to no longer be distinct. That is, either a = b, b = c or a = c. This 
is precisely the big diagonal A C A. 

Definition. Let T c K 3 \ A denote the set of all trisecants of a knot K. Let 
the closure of T in K 3 be denoted by T and let the boundary of T be defined as 
dT := T\T. Let T s —TnS denote the set of trisecants where the ordering along 
the trisecant is the same as the ordering along the knot. Let T d =1 " (I'D denote 
the set of all trisecants where the ordering along the trisecant is different to the 
ordering along the knot. Clearly T s n T d = 0. Note that switching the orientation 
of either the knotted curve or the trisecant line interchanges T s and T d . 

Just as with trisecants, we may compare the ordering of the intersection points 
of a quadrisecant line with their ordering along the knot. Given intersection 
points abed in that order along the quadrisecant line, there are IS4I possibilities 
for their ordering along K. Again, the order along K is only a cyclic order and 
ignoring the orientation of K is just a dihedral order. Thus there are IS4/-D4 = 3 
dihedral orderings of an oriented quadrisecant and unoriented knot. Let abed be the 
order of intersection points along the quadrisecant line, then the three equivalence 
classes or types of quadrisecants are represented by abed, abdc and acbd, where 
we have chosen the lexicographically least order as the name for each. Figure El 
illustrates these orderings. 

Definition. Quadrisecants of type acbd are called alternating quadrisecants. 
Quadrisecants of types abed and abdc are called simple and flipped respectively. 

Alternating quadrisecants (see the right-most quadrisecant in Figure |3J) are 
so named as the quadrisecant 's points alternate from one end of the quadrisecant 
line to the other as the ordering along the knot is followed. Note that unlike 
trisecants, switching the orientation of the quadrisecant line does not change the 
type of quadrisecant. 

We have already noted that each closed curve has a 2-parameter family of 
secants S = K 2 \ A. It turns out that knotted curves also have (at least) a 1- 
parameter family of trisecants as seen in the following lemma originally due to 
Pannwitz jPann) . 
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Figure 4. A trefoil knot with alternating quadrisecant abed and 
simple quadrisecant klmn. Other trefoil knots might not have the 
simple quadrisecant shown. However, the Main Theorem shows 
that every knotted curve has an alternating quadrisecant. 

Lemma 1. Each point of a knotted curve K is the first point of at least one 
trisecant. 

Proof. Suppose there is a point a of the knot which is not the start point of any 
trisecant. That is, no points b,c € K are collinear with a, with a as the start point. 
The union of all chords ab for b e K is a disk with boundary K . If two chords ab 
and ac intersect at a place other than a, then they overlap and one is a subinterval 
of another. They form a trisecant (abc or acb), contrary to the assumption. Thus 
the disk is embedded, contradicting the assumption of knottedness. □ 

If we view the knotted curve K from a point a £ K as in Lemma ^ then the 
trisecants occur where we see a crossing of K. Thus we expect that there will be a 
finite set of trisecants with first point a. In fact, Pannwitz jPann) proved for generic 
polygonal knots that there are at least 2m 2 trisecants from any point a £ K (where u 
is the unknotting number of the knot). Schmitz Schm] has shown Lemma ^a-lso 
holds for knotted curves in Hadamard manifolds. In Section 0] we will show that 
the set of trisecants is generically an embedded 1-manifold in K 3 . 

What about higher order secants? In Section [21 we will see that knotted curves 
generically have no n-secants where n > 5. However, knotted curves do have 
quadrisecants. Figure 0] shows a trefoil with two quadrisecants. Quadrisecant abed 
is an alternating quadrisecant and quadrisecant klmn is a simple quadrisecant. The 
trefoil knot, for example, does not necessarily have the simple quadrisecant shown. 
The rest of this work will be dedicated to proving the following theorem: 

Main Theorem. Every knotted curve inM 3 has at least one alternating quadrise- 
cant. 

Observe that quadrisecants are formed when several trisecants share common 
points. Quadrisecant abed includes four trisecants (l)afec, (2)a6d, (3)acd, (A)bcd. 
Pannwitz |Pann| showed quadrisecants exist by looking for pairs of trisecants 
like (l)abc and (3)acd. Here, the first and third points of trisecant abc are the 
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same as the first and second points of trisecant acd. Kuperberg |Kup| showed 
that quadrisecants exist by looking for pairs of trisecants like (2)abd and (3)acd. 
Here, the first and third points of the trisecants are the same. Schmitz jSchm] 
nearly showed that alternating quadrisecants exist by looking at families (l)abc 
and (2)abd, where the first and second points of the trisecants are the same, but 
in his proof, some quadrisecants may degenerate to trisecants. I will use Schmitz' 
approach, as it allows us to use the orderings of coincident trisecants to determine 
the ordering of the quadrisecant. 

Let quadrisecant abed be an alternating quadrisecant as in Figure[3] (right). As 
we have seen it includes several trisecants: abc and bed are trisecants of different 
ordering, and abd and acd are trisecants of same ordering. Given an alternating 
quadrisecant, there will be trisecants of same and different ordering which have 
common points. For example, abd £ T s and abc € T d have the first two points in 
common. In fact the converse is true: if trisecants of same and different orderings 
have the first two points in common, then there is an alternating quadrisecant. 

Define the projection 7Ti 2 : K 3 — » K 2 by -Kviixyz) = xy and let T = 7Ti 2 (T) C S 
be the projected image of trisecants T. A secant ab 6 S is in T if and only if 
it is the first two points of some trisecant abc. We further set T s :— iri2(T s ) 
and T d := TT 12 (T d ). 

Lemma 2. Let ab 6 T s DT d m S. This means that there exists c, d such 
that abc £ T d and abd £ T s . Then either abed or abdc is an alternating quadrise- 
cant. 

Proof. Trisecants abc and abd lie on a common line, which must be a quadrise- 
cant line. (Points c and d do not lie on the same straight subarc of K. If they did, 
then trisecants abc and abd would have the same ordering.) The order of the in- 
tersection points along the quadrisecant line is either abed or abdc. First, assume 
the order is abed. Using the definition of T s and T d , the order of the intersection 
points along the knot must be acbd. But this means that abed is an alternating 
quadrisecant. A similar argument shows abdc is an alternating quadrisecant. □ 

Thus to prove that any knotted curve has at least one alternating quadrisecant, 
it is sufficient to prove T s P\T d in S. To do this, we need to restrict our attention 
to generic polygonal knots (to be defined in the next section). We will then prove 
the existence of alternating quadrisecants for generic polygonal knots and will use 
limit arguments to extend the result to all knotted curves. 

3. Generic polygonal knots 

In order to clearly understand the structure of the set of trisecants we only 
consider generic polygonal knots. This section defines generic polygonal knots and 
looks at some implications of the definition for n-secants. The next section uses the 
conditions which define generic polygonal knots to help give a detailed description 
of the structure of the set of trisecants. 
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Definition. Let K be a closed polygonal curve in ffi 3 . Let the vertices of K 
be vi, . . . ,v n € K 3 . Then X is non- degenerate if no four are coplanar and no 
three are collinear. 

An n-gon in K 3 is determined by the position of its n vertices. Thus we identify 
the space of all n-gons with R 3n with the usual topology. 

Proposition 3. The set of non- degenerate n-gons is an open dense set in R 3 ™. 

Proof. When n = 3, the third vertex cannot lie on the straight line spanned by 
the other two vertices. Thus the set of degenerate configurations has codimension 1 
in the set of all configurations. 

For n > 4, the set of degenerate n-gons is the union of (2) cubic hypersurfaces, 
each given as the locus where some particular quadruple of vertices is coplanar. This 
has codimension 1 in the set of all configurations. Note that the situation when 
three vertices are collinear is a subset of the codimension 1 cubic hypersurfaces, so 
a special case is not needed to cover this situation. (They will have even higher 
codimension.) 

Thus the set of all degenerate configurations is a codimension 1 (or higher) 
algebraic surface in the set of all configurations. This is closed and nowhere dense. 
Hence the non-degenerate n-gons are open and dense in R 3 ™. □ 

Definition. An edge ek denotes a closed edge, including its endpoints. One 
vertex is consecutive to another vertex if they share a common edge. An edge is 
adjacent to another edge if they share a common vertex. Thus given a vertex v, 
there are two edges incident to it (and adjacent to each other). The osculating 
plane at a vertex v is the plane spanned by the two edges incident to v. 

Proposition 4. Any non-degenerate polygon K has the following properties: 

(1) It is embedded. 

(2) The line connecting any two consecutive vertices only intersects K in their 
common edge. The line connecting any other two vertices does not intersect K 
again. 

(3) Two coplanar edges always share a common vertex. 

(4) A line intersecting the interiors of two adjacent edges does not hit any vertex 
of K. 

(5) The three points of a trisecant do not lie on three adjacent edges. 
Proof. 

(1) If if is not embedded, then K intersects itself. If two non- adjacent edges 
edges ej, intersect, then the four vertices of and ej are coplanar contradicting 
non-degeneracy. Note that two adjacent edges can not intersect (except at their 
common vertex) as they are not collinear. 

(2) Any two consecutive vertices share a common edge which determines a 
line Ek- Suppose Ek intersects K in another edge e;. Then the vertices of and e; 
are coplanar, contradicting non-degeneracy. Now suppose the line connecting any 
two (non consecutive) vertices Vi and Vj intersects K in edge e;. Then Vi, Vj and 
the vertices of e; are coplanar, again contradicting non-degeneracy. 
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(3) Two coplanar edges always share a common vertex, else the plane contains 
four vertices of a non-degenerate polygon. In other words, the lines determined by 
any two non- adjacent edges of a non-degenerate polygon are skew. 

(4) A line intersecting the interiors of two adjacent edges does not hit any 
vertex of K. If it did then the plane containing the edges also contains the vertex. 

(5) The three points of a trisecant do not lie on three adjacent edges. Suppose 
trisecant t intersects e\, e2 and (three adjacent edges). Then ei and e2 have a 
vertex in common, as do ei and e%. Therefore e\ and lie in the plane determined 
by t and ei and thus have vertex in common. But the three edges cannot form a 
triangle as each contains a point of t. □ 

These conditions provide extra information about non-degenerate polygons, as 
well as n-secant lines. Condition (1) shows that a non-degenerate polygon is indeed 
a knot. Condition (2) shows that no two adjacent edges of K are collinear and that 
each component of intersection of an n-secant line with a non-degenerate polygon K 
is a single point. Condition (2) also tells us that there are no multi-vertex trisecant 
lines. Trisecant lines (and higher order secant lines) can intersect K in at most one 
vertex. 

Definition. A generic polygonal knot K has two kinds of trisecants (n-secants). 
A vertex trisecant (n-secant) includes one vertex of K and a nonvertex trisecant 
(n-secant) includes no vertices of K. 

Recall that a doubly-ruled surface is a surface with two rulings of straight lines. 
Every line of one ruling intersects every line of the other ruling (maybe at infinity) 
and each point on the doubly-ruled surface lies on exactly one line from each ruling. 
It is a well known fact (see for instance [PW Ch3 or Otalj ) that any three pairwise 
skew lines generate a doubly-ruled surface. 

Proposition 5. A triple of pairwise skew lines E\, Ei, E% determines a 
doubly-ruled surface, either a one-sheeted hyperboloid or a hyperbolic paraboloid. 
Moreover, the lines Ei will lie on one ruling of the surface and any line t intersect- 
ing all the Ei will lie on the other ruling. See Figure [3| There is an open interval 
or a circle of such lines t. □ 

Definition. A non-degenerate polygon K is generic if it satisfies the following 
genericity conditions: 

(Gl) Given any three pairwise skew edges e±, ei, e% of K and the doubly-ruled 
surface H that they generate, no vertex of K (except endpoints of e±, e2, 63) may 
lie in H. 

(G2) There are no quintisecants (or higher order secants). 

(G3) There are no vertex trisecant lines which lie in the osculating plane of the 
vertex. See Figure El 

Proposition 6. The set of all generic n-gons is open and dense in K 3n . 




Figure 5. Three pairwise skew lines determine a doubly-ruled 
surface either a one sheeted hyperboloid (left) or a hyperbolic pa- 
raboloid (right). The three skew lines lie in one ruling and the 
lines t intersecting them lie in the other. 




Figure 6. A non-generic trisecant line I lying in the osculating 
plane of vertex p, breaking genericity condition (G3) of the defini- 
tion of a generic knot. 

Proof. The proof uses the same ideas as the proof of Proposition [21 so is 
sketched here. In each case, n-gons which fail to meet these conditions lie in an 
algebraic variety of positive codimension — that is non-generic configurations are 
closed and nowhere dense. These conditions are, in some sense, natural conditions 
to consider. If they are broken then the lines determined by the edges of the knot 
lie in degenerate configurations, as discussed in BELSW . 

(Gl) Having fixed e\, e^, the non-generic configurations are precisely the 
doubly-ruled surface that they generate: a codimension 1 condition. (G2) Re- 
peating the discussion in the introduction, we see that secants form a 2-parameter 
family, trisecants a 1-parameter family, quadrisecants a O-parameter family and 
quintisecants a —1-parameter family. That is, quintisecants exist only for a codi- 
mension 1 set of n-gons. (Similarly only a codimension k set of n-gons would have 
(k + 4)-secants for k > 1.) (G3) Here, non-generic configurations occur when the 
fourth edge intersects a line I determined by the the two adjacent edges and the 
third edge. That is, the plane spanned by I and one vertex of the fourth edge 
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must also contain the other vertex of the fourth edge. This is a codimension 1 
condition. □ 

4. The Structure of the Set of Trisecants 

The assumption of generic conditions has strong implications for the structure 
of the set of trisecants T in K 3 and in the set of secants S. Unless stated 
otherwise, all the results of this section will apply to generic polygonal 
knotted curves. 

For a generic polygonal knot, no two adjacent edges of K are collinear. Thus K 3 
is a union of (closed) cubes \J. • k {ei x ej x e^). The fattened big diagonal A in K 3 
is a union of cubes along the big diagonal A := {abc E K 3 \ a = borb = coxa = c}. 
That is, A = Uj( e i x e i x X) U Ui( e i X if x e,) U [j^K xe s x e,-). As trisecants 
have three distinct points, no two of which lie on an edge of K, then T c K 3 \ A. 
Thinking of K 3 as a cubical complex, T avoids the 1-skeleton as trisecants do not 
include more than one vertex of K . Recall that there are two types of trisecants: 
vertex and nonvertex. Vertex trisecants are just an intersection of T with the 2- 
skeleton of the cubical complex. Moreover, as trisecant abc is an ordered tuple of 
points then abc only lies in the cube C\ x e 2 x e%, where a E e\, b £ e 2 and c E e 3 . 
Trisecant abc does not lie in e 2 x e\ x e^, nor in x e 2 x e±. (However trisecant cba 
lies in x e 2 x ei.) In a similar way, K 2 is a union of squares and the set of secants 
S = K 2 \ A, a topological annulus. 

Definition. Recall that the osculating plane at a vertex v of a generic polygo- 
nal curve is the plane spanned by the two edges incident to v. A degenerate trisecant 
is a triple vvp or pvv in A C K 3 , where p is in the osculating plane of vertex v and 
the line determined by pv may not lie in the double wedge bounded by the lines 
determined by the edges incident to v. (In Figure p may only lie in regions 1 
or 3.) 

Definition. Let K be a generic polygonal curve and C — e\ x e 2 x e% be a cube 
in K 3 . Then we will see that the set T n C of trisecants in that cube, if nonempty, 
is homeomorphic to an interval so we call it an interval of trisecants. There are no 
trisecants intersecting three adjacent edges, so either all edges are pairwise skew 
and we call it an interval of skew trisecants or some and ej are adjacent and we 
call it an interval of adjacent trisecants. 

Lemma 7. Let K be a generic polygonal curve. If nonempty, an interval of 
trisecants T n C in a cube C — e\ x e 2 x ez in K 3 is homeomorphic to a closed 
or half-open interval. The endpoint or endpoints lie in (the interior of) distinct 
faces of C, and the interior of the interval lies in the interior of C. The half-open 
interval only occurs when e 2 is adjacent to either e\ or e^; here, the open end of the 
interval approaches a degenerate trisecant in the (interior of) an edge of C. Along 
an interval of skew trisecants, each of the three points pi E e, moves monotonically 
and smoothly along the edge ej. Along an interval of adjacent trisecants, if ei is 
the nonadjacent edge, then pi is constant, while the other pj move smoothly and 
monotonically along ej. 
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Figure 7. Regions in the plane V spanned by edges ej and ej 
determine the type of interval of trisecants. If the third edge 
intersects V in the shaded regions there are no trisecant lines inter- 
secting ei, ej, efc. If e& intersects V in region 2, the set of trisecants 
is homeomorphic to [0, 1]. If intersects V in regions 1 or 3, the 
set of trisecants is homeomorphic to [0, 1). 

Proof. We first consider where T n C is an interval of adjacent trisecants. 
Let V be the plane spanned by two adjacent edges e 2 ; and ej and let p be the 
unique point of intersection of the third edge e& with V . (Non-degeneracy implies 
that p is in the interior of e^.) Figure \7\ shows V separated into regions divided by 
lines determined by ej and ej and the line I between the non-intersecting vertices 
of ei and ej. For trisecants to occur then point p must be in one of regions 1, 2 or 3 
(and not the shaded regions). There is a 1-parameter family of such trisecants. If p 
is in region 2, then e\ is adjacent to e% and trisecants are of the form apb, where 
a £ e\ and b £ e$. Clearly, the interval of trisecants is homeomorphic to a closed 
interval as in Figure [3] (left). If p is in either region 1 or 3, then ei is adjacent to 
either e% or e^ and trisecants are of the form abp where a 6 e± and b S ei or pab 
where a € ei and b 6 e%. Figure|Hl (right) shows the first possibility. In either case, 
the interval of trisecants will be homeomorphic to a half-open interval and ends on 
the degenerate trisecant vvp (or pvv) where v is the common vertex of e\ and ei 
(or e 2 and 63). This point is not in the set of trisecants, vvp (or pvv) £ Ac A. 

We now consider where TnC is an interval of skew trisecants. By Proposition^! 
the triple of pairwise skew edges determines a doubly-ruled surface, either a one- 
sheeted hyperboloid or hyperbolic paraboloid. The edges e« (i — 1,2,3) all lie in 
one ruling. A trisecant line is a line in the other ruling which intersects e±, ei 
and e%. Let Ei be the line determined by ej. From Proposition [S] we know there 
is an circle of lines intersecting E\, Ei and £3. Let I\ be the closed sub-interval 
of these lines which intersects the edge e\ and the lines Ei and E3. As e\ is an 
edge (closed), I\ is homeomorphic to a closed interval. Let Ii and ^3 be defined 




Figure 8. Intervals of adjacent trisecants. The left picture shows 
an interval homeomorphic to a closed interval, the right an interval 
homeomorphic to a half-open interval. 




Figure 9. Two doubly-ruled surfaces, each with a closed interval 
of trisecant lines intersecting edges e%, ei and e^. 



in a similar manner, they too are homeomorphic to a closed interval. Thus, the 
set of trisecants though ei, ei and e% is homeomorphic to the intersection of I±, 1% 
and -Z3 (three closed intervals in an open interval), which is either a closed interval 
or a point, see Figure El Note that this interval of trisecants must start and end 
with a vertex trisecant corresponding to one of the endpoints of the 7j . The interval 
cannot have zero length (be a point) nor start with a line intersecting two (or more) 
endpoints of J^, as either of these cases corresponds to a trisecant with two (or more) 
vertices of the knot — contradicting non-degeneracy. Hence, if it is nonempty, the 
set of trisecants through e±, ei and e^ is homeomorphic to a closed interval of 
non-zero length which starts and ends with vertex trisecants. 

We may say more about the structure of T D C for both intervals of adjacent 
and skew trisecants. In all cases the interior of the interval of trisecants lies in the 
interior of C and as the endpoints correspond to vertex trisecants, they lie on the 
interior of a face of C. Parameterize K with respect to arclength; along an interval of 
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skew trisecants, each of the three points pi € ei moves monotonically and smoothly 
along the edge ej. Along an interval of adjacent trisecants, on the nonadjacent 
edge p is constant while on the adjacent edges, the points move monotonically 
and smoothly along their corresponding edges. (An explicit calculation for both 
cases may be found in |Denj in the Appendix.) Thus T DC is smoothly embedded 
in C. D 

Proposition 8. Let K be a generic polygonal curve. If nonempty, T is a 
compact 1-manifold with boundary, embedded in K 3 in a piecewise smooth way 
with T C K 3 \ A and dT C A. Moreover dT is exactly the set of degenerate 
trisecants. 

Proof. The definition of a trisecant shows T C K 3 \ A. Consider a face T 
between two cubes C and C in K 3 . Suppose the interval of trisecants in C ends at 
a particular vertex trisecant t in T . There are three possibilities for the interval of 
trisecants in C: there is an interval of trisecants starting at t, there is an interval 
of trisecants starting at another vertex trisecant t' in T or there are no intervals of 
trisecants which start on T . In the last two cases, the intersection TdC is either a 
single point or an interval of trisecants and a single point. LemmaHrules out these 
cases. Thus in C', there must be an interval of trisecants starting at t. Hence T is 
a 1-manifold embedded in K 3 in a piecewise smooth way. 

To understand the claim about T, we must understand dT. Recall that the 
half open intervals of trisecants occur when an interval of adjacent trisecants ends 
on a degenerate trisecant vvp (or pvv) where v is a vertex of K. Thus the limit 
point (what is added in T) is a degenerate trisecant and lies in A. Also note 
that no other interval of trisecants in K 3 can end at the degenerate trisecant vvp 
(or pvv). Degenerate trisecant vvp can be a common degenerate vertex trisecant 
to only two cubes in K 3 . Without loss of generality denote these cubes e\ x e 2 x e 3 
and e2 x ei x e% where v is the common vertex of ei and e2- But trisecants are 
ordered tuples, so at most one of these has nonempty intersection with T . Similarly 
for pvv. Hence T is a compact 1-manifold with boundary embedded in a piecewise 
smooth way in K 3 . □ 

We now wish to understand the structure of T = TTn{T) the projection of the 
set of trisecants to the set of secants S = K 2 \ A. Recall that a secant ab G S is 
only in T if it is the first two points of trisecant abc. 

We first put a metric on S (and hence a topology) in the following way. The 
knot K has an orientation, is parameterized with respect to arclength and d(a,a') 
is the shorter arclength between a and a' along K. We give K 2 the product metric 
such that d((a, 6), (a', b')) = d(a, a')+d(b, b'). Now consider S as a metric space, not 
with the subset metric, but with the path metric ds{(a,b), (a',b')) = inf 7 (len(7)), 
where 7 is any path in S from (a, b) to (a', b') and lenity) the length of 7 (using the 
product metric from K 2 ). Let the completion of S in this metric be 

~S = (K 2 \ A) U A + U A_ . 
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Figure 10. The left picture shows an interval of adjacent trise- 
cants ending on degenerate trisecant vvp or pvv. The right picture 
shows the corresponding intervals of trisecants in S. The intervals 
of T s and T d correspond to trisecants with linear ordering eie 2 e3 
and ezezei respectively. 



Here A_ denotes the lower edge of S, that is approaching A in K 2 from above. 
That is ab G K 2 and b > a: a and b are close together with b just after a in the 
order of K. Similarly A + denotes the upper edge of S. Let A_, A + denote the 
lower and upper big diagonals of S respectively. The topology of S is imposed by 
the metric. Hence the upper and lower edges of the annulus S are far from each 
other. The shortest path between them lies in S and by definition can not cross A. 

Let T be the projection of T in S, T := 7Ti 2 (T). Now 7Ti 2 maps to K 2 and 
S <£. K 2 , thus to understand T we must describe where iruidT) lies in S. 

A half-open interval of trisecants occurs when an interval of adjacent trisecants 
ends on a degenerate trisecant. (See Figures IS1 and HUII Let the points of the 
adjacent trisecants lie on edges ei, e 2 and and let e\ and e 2 be adjacent with 
common vertex v. Let e% intersect the plane spanned by e\ and e 2 in the point p. 
Suppose the points of the trisecants lie on eie 2 e3 in that order, then the third point p 
is fixed. Thus the interval of trisecants ends at degenerate trisecant vvp £ Ac K 3 
and in S, the interval ends at either A+ or A_. Now suppose the points of the 
trisecant lie on e3e 2 ei in that order, then the first point p is fixed. Thus the interval 
of trisecants ends at degenerate trisecant pvv 6 A C K 3 and in S, it ends at pv in 
the interior of S. 

In fact we can say more. First consider the case where knot is oriented from ei 
to e 2 as illustrated in Figure ITUI (left). Trisecants whose points lie on edges eie 2 e3 
in that order are trisecants of same ordering T s . Moreover, as the interval of 
trisecants abp ends at degenerate trisecant vvp, the first point of the trisecant (a G 
ei) moves with the parameterization of K and the second (b £ e 2 ) against. Thus 
in K 2 , b > a and the interval of trisecants approaches the diagonal from above. 
Hence this part of T s has negative slope and ends at vv G A_. In this situation, 
7Ti 2 (9T) C A_. Trisecants whose points lie on e3e 2 ei in that order are trisecants 
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of different ordering T d . The first point of the trisecant is fixed and the second 
moves against the parametrization. Hence this interval of trisecants is a vertical 
line, decreasing and ending at the point pv G S and 7Ti 2 (<9T) C S. FigurelTUl fright 1 
shows the two corresponding intervals of trisecants in S. 

Now repeat these arguments but with the orientation of K reversed — from e 2 
to e\. Trisecants whose points lie on edges eie 2 e3 in that order are now in T d and the 
interval of trisecants has negative slope and ends on vv G A + and ~kyi {9T) C A + . 
Trisecants whose points lie on edges e3e 2 ei in that order are in T s and the interval 
of trisecants is a vertical line increasing and ending at pv e S and 7Ti 2 (<97~) C S. 

We have completely described the behavior of dT := 7Ti 2 (<9T) in S. Either dT 
lies in S = K 2 \ A as the limit point of a vertical interval of trisecants whose first 
point is fixed, or dT lies on A + or A_ as the limit point of a negatively sloped 
interval of trisecants whose third point is fixed. 

Definition. Recall T — 7Ti 2 (T) and dT :— 7Ti 2 (<9T). In a similar way, define 
T s = ir 12 (T), T d = v 12 {T d ), dT s = Tr 12 (dT s ) and dT d = ir 12 (dT d ). 

In Lemma d we will show that if T" n T d ^ 0, then T s : n T d ^ 0. Hence by 
Lemma it will be sufficient to show that T s n T c ^ in S in order to show that 
an alternating quadrisecant exists. 

Lemma 9. Let K be a generic polygonal curve. The projection 7Ti 2 is a piecewise 
smooth immersion of T into S. 

Proof. Let C be a cube in K 3 . From Lemma [7] T n C is both smooth and 
monotonic in at least two variables (corresponding to edges of C). Thus the tangent 
vector is never vertical. The map 7Ti 2 (T) is just an orthogonal projection hence the 
projection 7Ti 2 of TdC in S is a smooth immersion. If nonempty, T is an embedded 
I-manifold in A' 3 . Thus 7Ti 2 is a piecewise smooth immersion of T in S. □ 

Definition. Let K be a generic polygonal curve and let C be a cube in K 3 . 
The set 7Ti 2 (TnC), if nonempty, is homeomorphic to an interval. Thus we (again) 
call it an interval of trisecants or an interval of T in S. 

The following two lemmas show that in S, T intersects itself only in double- 
points. This means that quadrisecants (if they exist) are isolated. 

Lemma 10. Let K be a generic polygonal curve. In S , the intersection of two 
intervals of T is either be empty, one point, or two distinct points. 

Proof. We assume that T is nonempty or the result is trivial. First assume 
that the two intervals of T in S do not share a common vertex. The two intervals 
have a point in common if and only if two trisecants have the same first and second 
points. That is, only if they have the same first and second edges. However, the 
third edges differ, or else there would not be two intervals of T intersecting in S. 
There are three cases to consider. Let the first two edges be denoted e\ and e 2 and 
let the differing third edges be denoted by ej, and e' 3 . 

Case 1: Both intervals are intervals of adjacent trisecants. There is only one 
possible case, the first two edges are adjacent. (If e\ and e^ are adjacent and e.\ 
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Figure 11. Trisecants with same two adjacent first edges can have 
at most one line in common. 

and e' 3 are adjacent, then a quadrisecant whose points lie on 61626363 includes 
a trisecant whose points lie on three adjacent edges e\e 3 e' 3l contradicting non- 
degeneracy.) Both intervals of trisecants lie in the plane V spanned by e\ and e?,. 
Let 63 intersect V in the point p and e 3 intersect V in the point p' . Figure ITU 
illustrates this. The line through pp' is the only possible common trisecant line. 

Case 2: One interval is an interval of adjacent trisecants and the other an 
interval of skew trisecants. Let the points of the skew trisecant lie on edges ei, 
e2, 63; these determine a doubly-ruled surface. Let the points of the adjacent 
trisecants lie on edges e±, e 2 and e 3 . As e± and e2 are pairwise skew, either e% 
and e 3 are adjacent, or e2 and e 3 are adjacent. In either case, the plane spanned by 
the two adjacent edges intersects the doubly-ruled surface in some quadratic curve. 
However, as one of the edges lies in the doubly-ruled surface, the curve degenerates 
to a pair of straight lines, one of which includes edge e\ (or 62). The other straight 
line is the only possible common trisecant line and only if it is both a trisecant line 
on the doubly-ruled surface and the plane. 

Case 3: Both intervals are intervals of skew trisecants. Let H be the doubly- 
ruled surface generated by the lines Ei determined by the polygonal edges e^. Sup- 
pose e' 3 intersects H, it does so in one or two points. The trisecant lines(s) through 
these point (s) will only correspond to a quadrisecant line if it is a trisecant through 
the edges ei, e%, e 3 , and through the edges e\, e%, e' 3 . In fact this is all that can 
happen. The edge e' 3 can never be contained in H. If it were then its vertices 
lie in H which contradicts genericity condition (Gl). Thus in all three cases the 
intersection of two intervals of T is either empty, or one or two points. 

Finally assume the two intervals of T have a common vertex. This corresponds 
to a vertex trisecant which joins two intervals of trisecants. In K 3 , these intervals 
of trisecants lie in adjacent cubes C — e\ x €2 x e 3 and C = e[ x e 2 x e' 3 . As the 
cubes are adjacent, two of the edges are the same and the third differs. If e\ / e[ 
(or 7^ e 2 ) then the first (or second) points of the intervals of trisecants lie on 
different edges. Thus the only possible common point in S is the projection of the 
common vertex trisecant. If the first two edges are the same and the third differs, 
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then the intervals of trisecants may intersect in S. There are three cases to consider 
as above. The details are omitted as they are similar to the previous arguments. □ 

Lemma 11. Let K be a generic polygonal curve. No more than two points ofT 
can have the same image under 7r 12 . 

Proof. If there were three (or more) points of T with the same image un- 
der 7Ti2, this would correspond to a quintisecant (or higher order secant) in contra- 
diction to genericity condition (G2). (See also Figure H^K.) □ 

The structure of T described is sufficient to prove that nontrivial generic polyg- 
onal knotted curves have an alternating quadrisecant. However, with the addition 
of extra genericity conditions, it is possible to provide even more details about the 
structure of T. These genericity conditions and details are found in [Denj . 

Let Wij(K 3 ) — > K 2 be projection onto the ith and jth. coordinates (where i < j 
and i,j — 1,2,3.) We have extensively studied the structure of ni 2 (T) for generic 
polygonal curves and have shown that, if nonempty, it is the image of a piecewise 
smooth immersion and which intersects itself at double-points. We can also say the 
same thing about ~Ki3(T) and ^23(7"). Lemma[!|]carries over immediately. Similarly 
Lemma |10I and Lemma |l II can be proved for 7113 (T) and 7^3 (T) with only minor 
alterations. Thus the following proposition holds: 

Proposition 12. LetK be a generic polygonal curve. InK 2 , the projection iTij 
(i < j and i,j = 1,2,3J is a piecewise smooth immersion of T into S and T — 
7Ty (T) intersects itself at double points. □ 

For the most part we are only interested in T — 7112(2") in S. Recall that 7Ti2(T) 
allows us to capture the orderings of coincident trisecants which in turn enables us 
to find alternating quadrisecants. In Lemma ITU we will show that if T & n T 7^ 
in S, then T s n T d ^ in S. Thus it is important to understand exactly where 
T s n T d ^ but T s and T d do not intersect. Recall T = tt 12 {T) = ir 12 (T U dT). 
After Proposition |H1 we showed that dT = 7ri2(<9T) lies on A+ or A_ as the limit 
point of an interval of trisecants whose first two points both end on a vertex of K 
and whose third point is fixed. If the second and third points of the trisecants both 
end on a vertex of K and the first is fixed, then dT lies in S. 

The following lemma shows that T stays away from A + and T stays away 
from A_. Hence T s and T cannot intersect on A + or A_, but only in S. 

Lemma 13. Let K be a generic polygonal knotted curve. Ln S, d$(T , A_) > h 
and ds(T , A+) > h, where h is the minimum edge length of K. 

Proof. As secant ah approaches A_ it is the same as approaching the diagonal 
in K 2 from above. Here, a and b are close together and b is just after a in the order 
of the knot. Now consider secant ab £ T d . The order along the knot is acb (where c 
is the third point of the trisecant.) Thus a and b are separated by at least one edge 
as c must come in between them and by definition, distinct points of trisecants lie 
on distinct edges. In fact a and b must be separated by at least two edges. If they 
were just separated by one edge, then the points of the trisecant abc lie on three 
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Figure 12. The first two points of trisecants of different order 
must be at least two edge lengths apart. This information is shown 
on part of the set of secants S on the right. The ticked boxes 
indicate where trisecants of different order may be. 



consecutive edges contradicting non-degeneracy. Figure ^| (left) illustrates this 
and Figure [T2l fright) shows this information recorded on S. Trisecants of different 
order may be in boxes marked with a tick, not a cross. They are at least one edge 
away from A_ (indicated by a bold line). Hence ds(T d , A_) > h, where h is the 
minimum edge length of K. A similar argument shows ds(T s , A+) > h. □ 

Lemma 14. Let K be a generic polygonal curve. If T n T ^ in S, then 
T s HT d ^ m S. 

Proof. Lemma IT51 shows T and T can only intersect in the interior of S. 
Suppose t £ T s and t' £ T d with 7Ti 2 (£) = 7ri 2 (£') G S. We want to show t € T s 
and t' G T d . Assume, by way of contradiction that t G dT s and consider two cases: 
t' £ T d and t' G dT d . 

Case 1: Assume that t G 5T S and G T d and 7Ti 2 (t) = n 12 (t') G 5. Fig- 
ure illustrates this case. 

Let pv = 7Ti2(i) = 7r 12 (i'). As t £ 9T S , in S there is a vertical interval of 
trisecants which increases to and ends at secant pv. Thus pv is the projection of 
degenerate trisecant pvv G T. Let p belong to edge e% and vertex v belong to 
edges e 2 and e' 2 . The vertical open interval of trisecants corresponds to trisecants 
with first point p and second and third points on edges e 2 and e' 2 . But pv = n 12(f), 
where f G 7~ d . Thus is also the first two points of a trisecant of different 
order pva, where a lies on edge e^- Secant pv, and hence trisecant pva lies in the 
plane spanned by e 2 and e' 2 - Thus trisecant pva lies in the osculating plane of 
vertex v, contradicting genericity condition (G3). 

Case 2: Assume that t G dT s and £' G dT d and 7r 12 (t) = 7r 12 (f) G S. 
Figure illustrates this case. 

Let pv — 7Ti 2 (t) = if 12(f)- As t £ dT s and f £ dT d , pv belongs to two vertical 
intervals of trisecants which both end at secant pv in S. The trisecants of same and 
different order both have p as a starting point and both have points which lie on 
edges which have v as a common vertex. But there can only be two edges with v 
as a common vertex. This implies t and f have the same first point and both have 
second and third points on the same two edges. This implies that the two intervals 
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Figure 13. Intersections of T in S forbidden for a generic polyg- 
onal knot. 

of trisecants are in fact the same (and hence have the same order) . This contradicts 
the fact t and t' are trisecants of same and different order respectively. □ 

In Lemma |21 we showed that an alternating quadrisecant exists when T s and T d 

have a common point in S. In Section [3] and Section^ we examined the structure 

of the set of trisecants for generic polygonal knots. Through Lemma^Jwe see that 
s d 

it is sufficient to prove T and T have a common point in S in order to show that 
an alternating quadrisecant exists. In fact, we will prove a stronger result than this 
in Section HJ1 

5. Essential Quadrisecants 

Eventually we want to prove that all nontrivial tame knots have an alternating 
quadrisecant. To do this we will prove that nontrivial generic polygonal knots 
have an essential alternating quadrisecant and then use a limit argument. We 
will define essential shortly — this is the topological notion required so the limit 
argument works. 

In Section [3] we showed that the set of generic polygonal knots is open and 
dense in the set of polygonal knots. For any knotted curve K, there is a sequence 
of generic polygonal knots {Ki]°^L l which converge to K. In Lemma 1251 we show 
how this sequence of Ki may be chosen so that Ki is ambient isotopic to K and 
converges in C° to K. 

Thus we have Ki — > K. Theorem|211shows that each generic polygonal knot Ki 
has an essential alternating quadrisecant a-ibiCidi. As each Ki is contained in some 
ball in R 3 , eventually the entire sequence {Ki}^ ± lies in a common compact subset 
of R 3 . By taking a subsequence if necessary, there is a sequence of essential al- 
ternating quadrisecants which converge to some quadrisecant abed £ K A . We may 
also assume that the order of aibiCidi along Ki is aiCibidi. 
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Lemma 15. Given the sequence of generic polygonal knots with converging al- 
ternating quadrisecants as described above. If b does not lie on the same subarc 
of K as c, then no two limit points lie on the same straight subarc of K and so abed 
is a quadrisecant. 

Proof. Given two points p,q G K, we denote p ~ q to mean p and q lie on the 
same common straight subarc of K. Quadrisecant points lie on the same straight 
subarc of K in the limit if and only if they are next to each other in the ordering 
of both the quadrisecant line and the knot. Thus b c implies a no b as the order 
along the knot is aiCibi. Similarly b ^ c implies c ^ d as the knot order is Cibidi 
and b oo c implies a oo d as the knot order is aiCibidi. □ 

In order to show the limit abed is a quadrisecant, we only have to worry 
about whether the middle two intersection points b and c merge together. Pan- 
nwitz |Pann| proved that generic polygonal knots have a quadrisecant and Ku- 
perberg |Kup| proved that all (nontrivial tame) knots have quadrisecants. He did 
this by using the limit argument outlined above. In order to show the limit was a 
quadrisecant, he introduced the notion of essential secants and quadrisecants (which 
he called "topologically nontrivial"). As we have encountered the same problem, 
we also use the notion of essential, but redefine and extend it to suit our purposes. 
We start by defining when an arc of a knot is essential, capturing part of the knot- 
tedness of K. Generically, a knot K together with a secant segment S = ab forms 
a knotted 0-graph in space. To adapt Kuperberg's definition, we consider such 
knotted O-graphs. A similar discussion is found in Den, DDS . 

Definition. Suppose a, (3 and 7 are three disjoint simple arcs from a to 6, 
forming a knotted O-graph. Then we say that the ordered pair (a, f3) is inessential 
if there is a disk D bounded by the knot a U (3 having no interior intersections with 
the knot a U7. (We allow self-intersections of D, and interior intersections with /?, 
as will be necessary if a U j3 is knotted.) 

An equivalent definition is illustrated in Figure ITU Let X :=M 3 \(aU7), and 
let 5 be a parallel curve to a U (3 in X . Here by parallel we mean that aU/3 and 8 
cobound an annulus embedded in X . We choose 6 so that it is homologically trivial 
in X (that is, so that S has linking number zero with a U 7). Let h(a,[3) G tti(X) 
denote the (free) homotopy class of d. Then (a, (3) is inessential if h(a, (3) is trivial. 
We say that (a, (3) is essential if it is not inessential. 

This notion is clearly a topological invariant of the (ambient isotopy) class of 
the knotted 9-graph. We apply this definition to arcs of a knot K below. But first, 
some useful notation. Let a,b G K . The arc from a to 6 following the orientation 
of the knot is denoted j a b- The arc from b to a, jta is similarly defined. The 
secant segment from a to b is denoted ab. We now define an essential arc of a knot 
following DDS , rather than the stronger notion found in [Denj . 

Definition. If if is a knotted curve and a,b G K, let S = ab. We say "f a b is 
essential if for every e > there exists some e-perturbation of S (with endpoints 
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Figure 14. In the knotted 0-graph a U (3 U 7, the ordered pair 
{a, (3) is essential. To see this, we find the parallel 8 — h(a,(3) to 
a U [3 which has linking number zero with a U 7 and note that is is 
homotopically nontrivial in the knot complement R 3 \ (a U 7). In 
this illustration, f3 is the straight segment ab, so we may equally 
say that the arc a of the knot a U 7 is essential. 



fixed) to a tame curve S" such that K U S' forms an embedded 9 in which (j a b, S') 
is essential. 

Note that this definition is quite flexible. We will see that it ensures that the 
set of essential secants is closed in S. It also allows for the situation where K in- 
tersects S. We could allow perturbations only in this case, the combing arguments 
of DS show the resulting definitions are equivalent. Note also that we only re- 
quire S' to be close to S in the C° sense. Thus S' could be locally knotted, however 
we only care about a homotopy class, not the isotopy class of h. 

In |CKKS] it was shown that if K is an unknot, then any arc "f a b is inessential. 
This follows immediately, because the homology and homotopy groups of X := 
R 3 \ K are equal for an unknot, so any curve 8 having linking number zero with K 
is homotopically trivial in X . Dehn's lemma |Dehnl |Papt IRolf) is used to prove 
a converse statement. 

Theorem 16 ■: DT)Sj ). If a, b £ K and both 7 h andjba &re inessential, then K 
is unknotted. □ 

Definition. A secant ab of K is essential if both subarcs jab and -fba are 
essential. Otherwise it is inessential. Let ES be the set of essential secants in S. 
Figure [T51 illustrates an inessential and an essential secant of a trefoil knot. 

To call a quadrisecant abed essential, we could follow Kuperberg |Kup| and 
require that secants ab, be and cd all be essential. However the notion of essential is 
needed only for those secants whose endpoints are consecutive along the knot. The 
following definition is consistent with the more general definition found in (DDS . 
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Figure 15. Examples of essential and inessential secants for the 
trefoil knot. The parallel curve 6 is shown for the inessential secant. 




Figure 16. Essential alternating quadrisecant abed. 

Definition. An essential trisecant abc is a trisecant which is essential in the 
second segment be. An essential alternating quadrisecant abed is an alternating 
quadrisecant which is essential in the second segment be. (See Figure liTH ') Trisecants 
and alternating quadrisecants that are not essential are called inessential. 

We show in the proof of Main Theorem that when taking the limit of essential 
secants, the points of the limit secant do not combine to form one point, nor lie on 
a common straight subarc of K . Thus when taking the limit of essential alternating 
quadrisecants, we may be assured of an alternating quadrisecant. We want to prove 
that any nontrivial generic polygonal knot has an essential alternating quadrise- 
cant. Thus we need to understand the relationship between essential trisecants and 
essential quadrisecants. 

Definition. Let £T be the set of essential trisecants in K 3 , really, £T — 
n 23 (ES) ^ T . Define £T S and £ T d to be the sets of essential trisecants of same 
and different orderings in K 3 . Let ET — ir\2(£T) be the projection of the set of 
essential trisecants to the set of secants S and similarly define ET S := tti2(£T s ) 
and ET d := Ti l2 {£T d ). 

Lemma 17. Let ab € ET 8 n ET d in S. This means that there exists c and d 
such that abc S £T d and abd £ £T S . Then either abed or abdc is an essential 
alternating quadrisecant. 
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Proof. That abed or abdc is an alternating quadrisccant follows from LemmaEl 
To show it is essential, the midsegment be, respectively bd, must be essential. The 
order along the quadrisecant line is either abed or abdc. If it is abed then be is 
essential as abc £ £T d . If it is abdc, then bd is essential as abd <G £T S . □ 

Thus in order to show that a generic polygonal knot has at least one essential 
alternating quadrisecant, it is sufficient to prove that ET S and ET d have common 
points in S. 

In the following Lemmas we describe the relationship between the set of es- 
sential trisecants and the set of trisecants. We use this relationship to completely 
understand the structure of ET in S. 

Lemma 18. Let K be a generic polygonal knotted curve. In S s 7713(7"), each 
connected component consists of either inessential or essential secants. Moreover, 
the set of essential secants is closed in S,. 

Proof. Recall that 71-13 : K 3 —* K 2 is projection onto the first and third 
coordinates. Proposition 1 1 21 showed that 7113 is a piecewise smooth immersion of T 
in S and 7713(7") intersects itself in double points. 

We wish to show that in S, secants change from inessential to essential only 
when there is a trisecant t £ 7713(7"). Let ab be an inessential (essential) secant. 
By perturbing a,b £ K we can get to all nearby secants in S. As long as the 
chord ab never touches K during the perturbation then the topological type of the 
knotted O-graph has not changed. Thus all secants near secant ab will have the 
same topological type in the knotted 0-graph unless K intersects ab. In this case, 
ab G 7Ti3(T). Thus secants change from inessential to essential only when there 
is a trisecant t £ 71-13 (7") and each connected component of S \ 7Ti3 (T) consists of 
either essential or inessential secants. (For example, FigureElshows a trisecant abd 
changing from inessential to essential through quadrisecant abed. Here secant bd 
changes from inessential to essential via trisecant bed.) 

Moreover, ES is closed in S. Take a sequence of essential secants {sj}^i, 
and suppose Sj — ► s where s £ 7713(7"). First assume Sj ^ 7713(7"). Then for 
any e > 0, far enough along the sequence each Si is an e-perturbation of s. (By 
being within e/2 of an e/2-perturbation of s.) Thus by definition s is essential. 
Now assume s, £ 7113 (T). Then for each s, there is a sequence S? — ► Sj, where sj 
are essential secants and si £ wi3(T). For each i, there is a ji such that the 
sequence {s^'ji of essential secants (not in 7ri3(7")) converges to s. Again, for any 
e > 0, far enough along the sequence each sf is an e-perturbation of s and thus by 
definition s is essential. □ 

COROLLARY 19. In S, intervals 0/7713(7") between two connected components of 
essential secants are essential. Intervals 0/7113(7") between a component of essential 
and a component of inessential secants are essential. 



PROOF. Apply Lemma H%l 



□ 
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Figure 17. Secant bd changes from inessential to essential 
through trisecant bed and so trisecant abd changes from inessential 
to essential through quadrisecant abed. 



Note that Lemma IT51 savs nothing about intervals of 7r 13 (T) between two con- 
nected components of inessential secants. For non-generic knots it is possible to 
have such isolated essential secants, but this case does not matter for us. 

We use this information to describe exactly how the sets of trisecants and 
essential trisecants are related. Let ST denote the closure of ST in K 3 and let 
ET = ir 12 (ST). In a similar way ET 8 = ir 12 (ST S ) and ET d = Tr 12 (£T d ). 

Lemma 20. Let K be a generic polygonal knot. Then ST is a closed subset 
of T and ST is a finite union of closed circles and closed intervals in T . 

Proof. Trisecant abc is inessential when the second segment be is essential. 
By definition, ST = (ES) fl T. Now ES is closed in 5* and tt^ (ES) is closed 
in K 3 . Thus ST is a closed subset of T. By Lemma El connected components of 
S \ 7Ti3(T) are either inessential or essential secants. By examining where 7123 (T) 
lies in relation to the connected components of essential secants, we may determine 
which trisecants are essential or inessential. 

Let ei x ej be the subset of S consisting of all secants with points lying on edges 
d and ej in that order. In a x ej, -KniT) and iT23(T) are intervals of trisecants. By 
modifying the arguments found in Lemma lTUl these intervals either do not intersect 
or intersect in one or two (distinct) points. It is only at these points of intersection, 
that 7^3 (T) can change from inessential to essential. Thus in each x e 3 C K 2 , 
7T23(T) either remains inessential, remains essential or changes from inessential to 
essential at most twice. Hence ST is a finite union of closed circles and closed 
intervals in T. □ 

Lemma 21. Let K be a generic polygonal knotted curve. Projection ni 2 is a 
piecewise smooth immersion of ST to S. In T , ET is a finite union of closed 
intervals and closed circles and in S, ET intersects itself in double points. 

Proof. As ST is closed in T, Lemma shows projection -Kyi is a piecewise 
smooth immersion of ST to S. Thus ET inherits the properties of T found in 
Lemmas ^3 and ^2 As ST is also closed in T, 7ri2 (ST) is a finite union of closed 
intervals and circles. □ 



26 



ELIZABETH DENNE 



ei 







/ ^ v 


V / 




e 3 




/ 



V 



Figure 18. The interval of trisecants through peie^ must even- 
tually be inessential as it ends at degenerate trisecant pvv. Close 
to vertex v the second segment through eie^ is inessential. Trise- 
cants through e^eip may be essential until they end at degenerate 
trisecant vvp as the second segment eip may be essential. 

Lemma 22. Let K be a generic polygonal knotted curve. InS, d s (ET ,A_) > 
h and ds{ET & , A + ) > h, where h is the minimum edge length of K . 

PROOF. As ET is a subset of T, Lemma IT31 gives the result. □ 

Thus ET S and ET d can only intersect in S = K 2 \ A. As ET is closed in T, 
the boundary of ET will contain points other than ET \ ET and can be found 
anywhere in S — S U A+ U A_. The content of the next lemma is that the points 
in ET \ ET must occur on A + or A_. 

Lemma 23. In S, ni 2 (£T n dT) c A_ or A+. 

Proof. In S, we know that dT = ir\2(dT) occurs when an interval of adjacent 
trisecants ends on a degenerate trisecant pvv or vvp (see LemmaEJ). From discussion 
in Section^] dT occurs in S when the degenerate trisecant is of the form pvv. Let 
the points of the trisecant lie on edges ej., e2 and e% in that order and let ei and e% 
be adjacent edges with common vertex v. Let e\ intersect the plane V spanned 
by E2 and e% at point p. See Figure 1181 Trisecants with points on peie^ must 
eventually be inessential. This is because the second segment through e-i and e^ 
must eventually be inessential. As the trisecant converges to pvv, there will be an 
embedded disk in V spanned by parts of e2, e^ and the part of the trisecant line 
between ei and e%. 

On the other hand, the part of dT that occurs on A + or A_ might contain ET. 
Use the same set up as in the previous paragraph and in Figure 1181 but assume 
the points of the trisecant lie on e^eiei in that order. Here the interval of adjacent 
trisecants end on degenerate trisecant vvp. The second segment eip of the trisecant 
may be essential. Thus there is nothing to prevent an interval of essential trisecants 
ending at degenerate trisecant vvp and TTn(vvp) = vv G A + U A_. □ 

Thus unlike T, ET (and also ET S , ET d ) are closed in S. Moreover, as points 
of ET \ ET must occur on A_ or A + , we need not be concerned about degenerate 
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Figure 19. A curve winding once around S is a simple closed 
curve homotopic to the generator 1 in tti(S) = Z. 

trisecants when considering ET s nET d . Hence there is no need for a result similar to 
Lemma IT4l in order to show that generic polygonal knotted curves have an essential 
alternating quadrisecant. We have all the information needed. 

6. Essential Alternating Quadrisecants for Generic Polygonal Knots 

Lemma E3 and Lemma ED showed that ET S n ET d ^ in S is all that is 
needed to prove that an essential alternating quadrisecant exists for generic polyg- 
onal knotted curves. 

The underlying motivation for the proofs in this section is that idea that every 
curve going from left to right across a square is intersected by every curve going 
from the top to the bottom. In our case, we don't have a square, but an annulus. 
This may be thought of as a square with the left and right edges identified. Thus 
every curve winding once around the annulus is intersected by every curve going 
across (from top to bottom). 

In Lemma 1241 we show that all curves winding once around S (defined below) 
must be intersected by ET. Thus intuitively ET "goes across" the annulus S. This 
together with the fact that ET 8 avoids the top of S and ET d avoids the bottom 
of S, implies that ET S n ET d ^ in S. 

Definition. A closed curve winding once around S is a simple (continuous) 
curve a : [0, 1] — > 5 which is homotopic to 1 in ni(S) = Z. See Figure 

Lemma 24. (Pannwitz) Let K be a nontrivial generic polygonal knotted curve. 
Every closed curve winding once around S has nonempty intersection with the set 
of essential trisecants. 

Proof. This proof contains ideas from each of |Panril ISchml |Kup| . Assume, 
by way of contradiction, that there is a curve a winding once around S with empty 
intersection with the set of essential trisecants. As a avoids the set of essential 
trisecants, each point of a is the first two points of a secant or an inessential 
trisecant. To simplify the argument we also assume that the curve a intersects 
7i"i2(T\£ T) transversely away from self-intersections. As the set of essential secants 
is closed in S, curves avoiding ET are in an open set. Any curve which is not 
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Figure 20. An example of a ray xy*\ xy. The union of such rays 
and the point at infinity form a disk with the knot as its boundary. 

transverse to 7Ti2(T \ £T) has another curve arbitrarily close to it which is. Also 
any curve which passes through a self-intersection of 7112 (7" \£ T) has another curve 
arbitrarily close to it which avoids that self-intersection. Once we have proved 
the theorem for curves which intersect 7Ti2(T \ £T) transversely away from self- 
intersections, we have proved it for all curves winding once around S. 

Let us first assume each point of a is a secant. We will deal with the case 
where a point of a is the first two points of an inessential trisecant later. Let a = 
(x(s), y(s)) where we have parameterized [0, 1] with respect to arclength. Construct 
all (geodesic) rays xy* \ xy. This is the collection of rays that start at y(s) (the 
second point of the secant) and extend to infinity in the direction of the vector from 
x(s) to y(s). Such a ray is illustrated in Figure l2"Hl 

With the point at infinity, the union of the rays forms a spanning disk D 
with K as its boundary. This is because of the continuity of the curve a and the 
fact that a is a closed curve homotopic the generator 1 in m(S). Thus both x(s) 
and y(s) have degree 1 on the annulus S, and hence traverse the knot once. The 
assumption that each point on a is a secant means that the rays do not intersect the 
knot again. However, the disk may have self-intersections. In particular there may 
be self-intersections on the boundary of the disk as y(s) is not necessarily strictly 
monotonic around K . 

The aim is to apply Dehn's Lemma. To do so, we must find a disk bounded 
by K which is the image of a PL-map and whose self-intersections do not occur on 
the boundary. We do this by altering the disk D constructed above. Construct an 
e-neighborhood N around K. (This is the set of all points within e of the knot.) We 
take e small enough so that this a regular neighborhood. If necessary perturb N 
slightly so that D intersects the boundary of N, dN, transversely. The disk D 
intersects dN in several kinds of closed curves. Most are homologous to on dN, 
but one will be homologous to a curve 7 of homotopy class (l,m). We wish to 
replace D with a disk that only intersects dN in 7. 

The curves homologous to on dN are disjoint, thus abstractly, these intersec- 
tion curves are many families of nested circles. To remove these curves, take the 
outermost intersection circle of a family of nested circles which has some points in 
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(c) (d) 

Figure 21. Figure illustrating the surgery described in Lemma |2"H 



its interior lying inside TV. The circle bounds a disk A on D and a disk B on dN. 
Replace A by B and push B slightly off dN to simplify the intersection. Repeating 
this process for all other families of nested circles eliminates all curves homologous 
to 0. Call the new disk so constructed D' and note that D' intersects dN only in 
the curve 7. 

We wish to replace the part of D' outside dN with a PL disk. Approximate 
all of D' by a PL disk and use this to approximate 7 very closely by a PL curve 
70 outside dN. (Note 70 is of the same homology class as 7 in the solid toroidal 
shell they both lie on.) Remove the part of the PL disk inbetween 70 and K (this 
is mostly inside N). Thus we have a PL-disk with 70 as its boundary. We would 
like to join K to 70 with an embedded PL collar, but can't as 70 might have self 
intersections. Now 70 is homologous to a curve of homotopy class (l,m). Put 
a smaller regular e-neighborhood N\ inside N. On dN\ put an embedded (l,m) 
curve denoted 71. Thus 70 and 71 live on the boundary of a solid toroidal shell 
where they are homologous. We use a PL-homotopy in this shell to join 70 and 71 
and then join 71 to K by an embedded PL-collar. This creates a new PL-disk 
with boundary K and with no boundary intersections. By Dehn's Lemma, we may 
replace this new disk by an embedded one, giving a contradiction to knottedness. 
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Now on the original curve a there may be a point which is the first two points 
of an inessential trisecant abc. We assumed that a intersects iri2(T) transversely 
away from self-intersections, thus such a point is isolated. In order to apply Dehn's 
lemma, we perform surgery on the disk D so that the third point c of the trisecant 
no longer intersects the disk. As the second segment be of trisecant abc is inessential, 
segment be and one arc of the knot spans a disk T> whose interior avoids the knot. 
(See Figure l2"TT a) 2 .) The spanning disk T> intersects the disk D in the segment be. 
Take a small embedded e-neighborhood of the knot, this intersects both the original 
disk D and the spanning disk V. Now make two copies of the spanning disk T> and 
move them apart. Remove the parts of the copies of T> inside the e-neighborhood. 
Also remove the parts of D inside the two copies of V (this is a small strip about 
the inessential segment be). (See Figure Elb).) After smoothing things out, the 
original disk D has been altered so that it does not intersect the third point of 
the trisecant. However there is a self- intersection near the second point b of the 
trisecant. This is illustrated in Figure l2"TT c) and (d). This surgery may be repeated 
for any other points of the curve a which are the first two points of an inessential 
trisecant. Thus we obtain a disk D whose interior avoids K and we apply Dehn's 
Lemma as before to get a contradiction to knottedness. □ 

Proposition 25. Let A and B be two closed subsets of the annulus S , such 
that A lies outside some neighborhood of A + and B lies outside some neighborhood 
o/A_. If A(~\ B — 9, then there is a curve winding once around S avoiding AU B. 

Proof. Look at the Mayer- Vietoris sequence: 

> H^S \ (A U B)) -> H^S \ A) © \ B) -> Hi(S) -> . . . 

Using the assumption that A lies outside some neighborhood U of A + , construct 
a path a in U C S\A which winds once around S. Similarly, as B lies outside some 
neighborhood V of A_, construct a path (3 in V C S\B which winds once around S 
with reverse orientation. These paths represent homology classes in H±(S \ A) and 
Hi(S \ B) and the image of these classes in H\{S) is homologous to +1 and -1 
respectively. The map / : Hi(S\A)(BHi(S\B) — » Hi(S) takes a pair (p, q) to the 
sum of the image of p and the image of q in Hi (S). Thus the image of (a, (3) under / 
is 0. Now the map g : Hi(S x (AU B)) -> Hi{S \ A) © H X {S \ B) takes a class 7 
to the pair (p, —q) where p is the image of 7 in Hi(S \ A) and q is the image of 7 
in Hi(S \ B). Therefore, by exactness of the sequence at Hi (S \ A) © Hi(S \ B), 
there is a 7 in Hi(S \ (Al)B)) which maps to (a, (3). This 7 may be represented by 
a path in S\(A\JB). As 7 maps to a, 7 winds once around S and avoids AUB. □ 

Theorem 26. Every nontrivial generic polygonal knotted curve in R 3 has an 
essential alternating quadrisecant. 

Proof. Lemma|221 together with ET closed in S, shows Proposition 1251 may 
be applied to ET S and ET d in S. If ET S n ET d = in S, then there exists a 
path winding once around S avoiding ET = ET S U ET d . This is a contradiction 



2 Thanks to G. Francis for permission to use Figure I2T1 and Figure l^l 
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to Lemma EU(Pannwitz). Hence in S, ET S C\ET d ^ 0, which by Lemma ITTI shows 
that there is at least one essential alternating quadrisecant. □ 

7. Main Result 

We now extend Theorem 1261 bv using a limit argument to show that essential 
alternating quadrisecants exist for all nontrivial tame knots K in K 3 . First, we 
define the kind of closed curves and the kind of convergence that we need for the 
limit to make sense. 

Milnor Mil defined the total curvature of an arbitrary curve as the supremal 
total curvature of inscribed polygons. Curves of finite total curvature are exactly 
those rectifiable curves whose unit tangent vectors have bounded variation. Any 
curve of finite total curvature has well-defined one-sided tangent vectors everywhere; 
these are equal and opposite except at countably many corners. (See also discussion 
of curves of finite total curvature in CITE.) When considering limits of knots of 
finite total curvature, we will need to have control over the behavior of tangent 
vectors. Because knots of finite total curvature have corners, we now define a 
notion of convergence similar to, but more general than C^-convergence. 

Definition. Suppose {Ki}°^ 1 is a sequence of (closed) curves of finite total 
curvature. Then we say Ki converges in a C 1 sense to a limit curve K if there is a 
set of parameterizations of Ki such that for all e > there is an / such that once 
i > I then for all t, Ki(t) is within e of K(t). Also for all t, left and right unit 
tangent vectors of Ki(t) and K(t) are within e of each other. 

Theorem 27 (Main Theorem). Every knotted curve in M 3 has an alternating 
quadrisecant. 

Proof. This uses ideas from |Kupt ISchm| that have been altered and ex- 
tended to suit this case. Given a knotted curve K, since it is tame, there is a 
homeomorphism h : M 3 — > R 3 such that h(K) is smooth. Furthermore h may be 
chosen so that h is smooth on M. 3 \ K (see |Kup| ). 

Use Lemmal2*51to construct a sequence of generic polygonal knots {Ki\°^ l such 
that Ki converges to K and with the following properties: 

(1) h{Ki) n h(K) = 

(2) h(Ki) converges in a C 1 sense to h(K). 

By construction each generic polygonal Ki has the same isotopy type as K, 
thus each Ki is nontrivial. By Theorem 1261 we know that each Ki has an essential 
alternating quadrisecant aibiCidi. By picking a subsequence if necessary we may 
assume that the original sequence converges to abed e if 4 . We also assume the 
order of aibiCidi along the knot is a^c^e^. From Lemma IT5l it is sufficient to show 
that b and c do not lie on the same straight subarc of K in order to show abed is 
a quadrisecant. Thus we examine the limiting behavior of biCi. Recall that each 
(generic) Ki has no quintisecants, hence Ki n biCi = {bi, Ci} only. 

Let Si be the essential segment biCi, let 7s ; = 7b iCi and suppose, by way of 
contradiction, that b and c lie on the same straight subarc of K. Let S = be. 
Then jbc = S (thus is contained in K) and h(S) = h{"fbc) C h(K). Take a small 
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h(K-,) 

FIGURE 22. Disk constructed in the proof of Theorem 12*71 The 
boundary of D is h(Si) U hfysi) and D is constructed as the union 
of line segments from h(Si) to /i(7sj- 

neighborhood of h(-jbc) that lies inside the embedded normal tubular neighborhood 
about h(K). As h(~fi, c ) = h(S), far enough down the sequence h(Si) and h(jSi) 
both lie inside this neighborhood. For each point s £ h(Si) take the unique point t £ 
h(Ki) lying in the same normal disk to h(K) . Take the union of line segments from s 
to t, as illustrated in Figure 1221 This forms a spanning disk D of /i(7s 4 ) U h(S%). 
But h{Ki) does not intersect D°, the interior of £), else h(p/Si) is not a section. 
(In Figure l2*2l we see ft.(S'i) intersects D° and D° has intersections, as allowed in 
the definition of inessential.) Thus for the knotted theta 8.; = h(Ki) U h(Si), 
the pair (/i(7s 4 ) , h(Si)) is inessential. As essential is a topological notion for a 
knotted theta, the pair (7^, Si) is inessential and hence secant 6jCj is inessential, a 
contradiction. □ 

All that remains is to construct the desired sequence of generic polygonal knots. 

Lemma 28. Let K be a knotted curve and let h be the homeomorphism h : 
R 3 — > K 3 described in |Kup| such that h(K) is smooth and h is smooth on M 3 \ K . 
Then there is a sequence of generic polygonal knots {Ki}°^L 1 such that Ki converges 
to K with the following properties: 

(1) h(Ki)nh(K) = 

(2) h(Ki) converges in a C l sense to h(K). 

Proof. As h(K) is smooth, there is a sequence of smooth knots {K^}°^ 1 such 
that h(Kf) n h(K) = and h(Kf) converges in C 1 to h(K). For each smooth K?, 
there is a family of inscribed polygons which are ambient isotopic to Kf (see for 
instance CF ). We now show that these polygonal knots may be perturbed to give 
a sequence {Ki}°^ 1 of generic polygonal knots whose images under h are "close" 
to each h(K£) and hence converge in a C 1 sense to h(K). 

By assumption each h(Kf) is disjoint from h{K) and so lies outside an open 
normal embedded tube of radius e, about h(K). In fact h(K£) can be chosen to lie 



ALTERNATING QUADRISECANTS - PREPRINT 



33 



in a toroidal shell between two tubes of radius e, and 2e^ respectively about h(K). 
The map h is only smooth on the complement of K and its derivatives may become 
unbounded at K (if K is not smooth for example). However, as a continuous map 
is bounded on a compact set, the derivatives of h are bounded in the toroidal shell 
that h(Kf) lies inside. So the ratio of the maximum to minimum values of both the 
first and the second derivatives of h is bounded by some constant. Because these 
derivatives are bounded, it is a straightforward matter to find a generic polygonal Ki 
sufficiently close to K? , so that if two corresponding points and tangent vectors are 
very close to one another in distance and angle respectively, then the image of the 
points and vectors under h will be very close as well. As h(K?) converges in C 1 to 
h(K), then h(Ki) converges in a C 1 sense to h(K). Thus {Ki}°l 1 is the desired 
sequence of generic polygonal knots. □ 

In essence Theorem|23 showed that the limit of essential secants is still a secant. 
In DflS] we showed (with some extra assumptions) that for a nontrivial C 1,1 knot 
a limit of essential secants is still essential. In fact this result can be generalized to 
nontrivial knots of finite total curvature in one of two ways. The first is to generalize 
the arguments found in |DDS| . The second is to recall that being essential is a 
topological property of a knotted 0-graph. So in order to show that a limit of 
essential secants remains essential, it is sufficient to show that nearby knotted 8s 
are isotopic. This approach has been pursued in another paper |DS| . We also 
conjecture that any nontrival (tame) knot has essential quadrisecants, but in the 
meantime we claim the following. 

Corollary 29. Every nontrivial knot of finite total curvature in M 3 has an 
essential alternating quadrisecant. 

Proof. Given a knot of finite total curvature, there is a family of inscribed 
polygons which are ambient isotopic to it (see for instance |AB| 1. By perturbing 
these slightly, we find a sequence of generic polygonal knots converging in a C 1 
sense to K. By Theorem E3 these have essential alternating quadrisecants. Some 
subsequence of these quadrisecants converges to an alternating quadrisecant, which 
is essential (as proved in [DSp . □ 

8. Corollaries to the Main Theorem 

The Main Theorem has two immediate applications. It is used to give alternate 
proofs to two previously known theorems about the geometry of knotted curves. 
The existence of alternating quadrisecants for knotted curves captures the intuition 
that a space curve must loop around at least twice to become knotted. This intuition 
is also reflected in results about total curvature and second hull of knotted curves. 

Recall that for polygonal closed curves the total curvature is the sum of the 
exterior angles and Milnor Mil defined the total curvature of an arbitrary curve 
as the supremal total curvature of inscribed polygons. In 1929, M. Fenchel |Fen| 
proved that the total curvature of a closed curve in M 3 is greater than or equal 
to 2-7T, equality holding only for plane convex curves. In 1947, K. Borsuk |Bor) 
extended this result to R n and conjectured the following: 
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Theorem 30. A knotted curve in K 3 has total curvature greater than 4ir. 

This result was first proved around 1949 by both Milnor |Mil| and I. Fary |Far| . 
It has since become known as the Fary-Milnor theorem. In his proof, Milnor used 
the idea of bridge number 3 , making the observation that for a knotted curve, there 
are planes in every direction which cut the knot at least four times. More recently 
in CKKS , the theorem was proved using the existence of second hull for a knotted 
curve (defined later) . Here we give a new proof using the existence of alternating 
quadrisecants. 

Proof. A knotted curve if has an alternating quadrisecant by Theorem 1271 
An alternating quadrisecant is an inscribed polygon in K with total curvature 4-7T. 
By definition, its total curvature is less than or equal to the total curvature of the 
knotted curve it is inscribed in. Therefore n(K) > Air. To get a strict inequality, 
observe that a knot is not coplanar. By repeatedly adding vertices to an alternating 
quadrisecant, the newly formed inscribed polygon eventually has four vertices non- 
coplanar, giving it, and hence the knot, total curvature strictly greater than 47r. 
(See Lemma l3~Tl from |Milj below.) □ 

Lemma 31. Adding a new vertex to a closed polygon cannot decrease its total 
curvature. The total curvature must increase if the new vertex aj and three adjacent 
vertices (a,j—i, Q-j+i, aj+2) are not coplanar. □ 

The convex hull of a connected set if in K 3 is characterized by the fact that 
every plane through a point in the hull must intersect K. If if is a closed curve, 
then a generic plane must intersect if an even number of times. Thus every plane 
through each point of the convex hull is cut by if at least twice. 

This idea may be generalized as in CKKS : 

Definition. Let if be a closed curve in M 3 . Its nth hull h n (K) is the set of 
points p 6 I 3 such that if cuts every plane P through p at least 2n-times. If the 
intersections are transverse, then (thinking of P as horizontal, and orienting if) 
there are equal numbers of upward and downward intersections. To handle non- 
transverse intersections, we again orient if and adopt the following conventions. 
First, if if C P, we say if cuts P twice (once in either direction). If if n P has 
infinitely many components, then we say if cuts P infinitely often. Otherwise, each 
connected component of the intersection is preceded and followed by open arcs in 
if, with each lying to one side of P. An upward intersection will mean a component 
of if n P preceded by an arc below P or followed by an arc above P. (Similarly, 
a downward intersection will mean a component preceded by an arc above P or 
followed by an arc below P.) A glancing intersection, preceded and followed by 
arcs on the same side of P, thus counts twice, as both an upward and a downward 
intersection. 



The bridge number b{K ) of a knot K is the minimum number of bridges (or overpasses) 
occurring in a diagram of the knot, where the minimum is taken over all possible diagrams of K. 
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Alternating quadrisecants give the geometric intuition that a knot must travel 
twice around some point in space. Milnor observed that for a knotted curve, there 
are planes in every direction which cut the knot four times. More generally, there 
are points through which every plane cuts the knots four times. But these points 
are precisely the second hull. In other words: 

Theorem 32. A knotted curve has nonempty second hull. 

This result was originally proved in jCKKSj . This paper conjectured the 
existence of alternating quadrisecants as another way of proving that the second 
hull of knotted curves is nonempty. 

Proof. By Theorem 1271 we know that a knotted curve K has an alternating 
quadrisecant abed. Let t be a point on the midsegment be. We claim that t is in 
the second hull. 

Project the knot radially to the unit sphere about t. Let the points a, b be 
at the north pole (TV) and c, d be at the south pole (S) of the sphere. As abed is 
an alternating quadrisecant we see that the projected knot visits the poles in the 
order NSNS. To show that t is in the second hull, it suffices to show that the knot 
projection intersects any great circle at least four times. The same conventions 
given in Definition |H1 apply to counting intersections of K with great circles. 

There are two cases. Either the great circles are meridians (passing through the 
north and south pole) or they are not. Suppose the great circles are not meridians. 
Then as the projected curve visits the poles in order NSNS, it must cut such a 
great circle at least four times. Now suppose the great circle is a meridian. We 
divide the projected knot into four arcs, each arc is the part of K between a north 
and south pole. If all of these arcs lie on the meridian then this counts as an infinite 
number of intersections. If one of these arcs deviates from the meridian, this counts 
as two intersections. Thus if two or more arcs leave the meridian, then there are 
at least four intersections. Suppose that only one arc deviates from the meridian. 
Such a curve stays in the plane determined by the meridian most of the time and 
goes to one side once. This gives a knot of bridge number 1, which by |Mil| is the 
unknot. Thus for a knotted curve, the projected curve intersects all great circles at 
least four times and the second hull is non-empty. □ 

The final application uses the second Main Theorem about essential alternating 
quadrisecants to improve the known lower bounds of the ropelength of knotted 
curves from 12 to 15.66. 

Definition. Ropelength is the (scale invariant) quotient of length over thick- 
ness. 

The thickness t(K) of a space curve is defined |GM| to be twice the infi- 
mal radius r(x, y, z) of a circle passing through any three distinct points of K . 
J. Cantarella, R. Kusner and J.M. Sullivan CKS showed that t(K) = unless K 
is C 1 ' . If K is C 1 we can define normal tubes abound K, and then t(K) is the 
supremal radius such that this tube remains embedded. Cantarella, Kusner and 
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Sullivan also proved that any (tame) knot or link has a ropelength minimizer and 
gave lower bounds for the ropelength of links |CKS| . These are sharp for certain 
simple cases, where each component of the link is planar. However, these examples 
are the only known ropelength minimizcrs, it seems difficult to describe explicitly 
the shape of any tight knot. 

Numerical experiments [Piet ISul] suggest that the minimum ropelength for a 
trefoil is slightly less than 16.4 and that there is another tight trefoil with different 
symmetry and ropelength 18.7. The best lower bound in CKS was 10.726, this was 
improved by Diao |Dia| who showed that any knot has ropelength more than 12. 

In |DDS| we use the idea of essential quadrisecants to get better lower bounds 
for ropelength. For each of the three types of quadrisecants we use geometric argu- 
ments to obtain a lower bound for the ropelength of the knot having a quadrisecant 
of that type. The worst of these three cases is 13.936. However, from Corollary 1291 
we know that any nontrivial C ' knot has an essential alternating quadrisecant. 
This result together with the ropelength bound for a knot with an essential alter- 
nating quadrisecant shows that any nontrivial knot has ropelength at least 15.66. 
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